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In this paper we consider test polynomials in the polynomial algebra and the free
associative algebra. A test polynomial is defined by the following property: every
endomorphism which fixes the polynomial is an automorphism. We construct
families of test polynomials for the polynomial algebra and the free associative
algebra and show how different techniques may be used in the investigation of test
polynomials. We also introduce the notion of a test vector space and determine all
test vector spaces of the free associative algebra. Q 1998 Academic Press
1. INTRODUCTION
w x w xLet K be any field of any characteristic and let K X s K x , . . . , x1 n
² : ² :and K X s K x , . . . , x be respectively the polynomial and the free1 n
 4associative algebra freely generated by a set X s x , . . . , x . The main1 n
problem under discussion in this paper is how to determine whether an
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w x ² :endomorphism of K X and K X is an automorphism. Following van
w x Ž . w xden Essen and Shpilrain 5 , a polynomial p s p X from K X is a test
Ž w x.n Ž . Ž .polynomial if for every n-tuple F g K X the equality p F s p X
w x Žimplies that the map X “ F induces an automorphism of K X . We do
Ž . .not require that every automorphism fixes p X . The test polynomials of
² : Ž .K X are defined similarly. The outer rank of a polynomial p X in
w x Ž ² :.K X or in K X is the minimal number of generators x on which ani
w xautomorphic image of p can depend. Van den Essen and Shpilrain 5
Ž .have proved that any test polynomial p X is of maximal outer rank,
namely n.
The main purpose of the present paper is to construct test polynomials
w x ² :for K X and K X . This problem has been considered for various
w x ² :algebraic systems. Dicks 3 , using the description of Aut K x , x given1 2
w x w xby Makar-Limanov 6 and Czerniakiewicz 2 , has established that an
Ž . ² :endomorphism F s f , f of the free algebra K x , x is an automor-1 2 1 2
w x w xphism if and only if f , f s a x , x for some nonzero element a from1 2 1 2
w xK. Therefore the commutator x , x s x x y x x is a test polynomial1 2 1 2 2 1
² :for K x , x .1 2
w xTurner 13 has proved that an element of a finitely generated free
group is a test element if and only if it is not contained in any proper
Žretract. Recall that a retract H of a group G is a subgroup with the
property that the identity map i : H “ H can be extended to a homomor-
.phism G “ H. He also has shown that an element in a free group is of
maximum outer rank if and only if it is a test element for automorphisms
in the class of all monomorphisms. A similar result for Lie algebras and
w xsuperalgebras has been obtained by Mikhalev and Zolotykh 8 . They have
Ž .proved that an element in a free Lie super algebra is a test polynomial in
the class of all monomorphisms if and only if it has the maximum rank.
w xDue to Shpilrain 11 , a homogeneous element of a free Lie algebra is a
test element if and only if it has the maximum rank. Finally, Mikhalev and
w xYu 7 have established a Lie algebra analogue of the result of Turner: test
elements of a finitely generated free Lie algebra are exactly those ele-
ments which are not contained in any proper retract of the algebra. These
results heavily rely on the fact that every subgroup of a free group is free
and on a similar result for free Lie algebras and subalgebras.
w x ² :Unfortunately, not all subalgebras of K X and K X are free and the
approach from the theory of groups and Lie algebras does not work for
polynomial and free associative algebras. It seems to be very difficult to
Žclassify all test polynomials or even test polynomials in the class of
.monomorphisms of polynomial and free associative algebras. In fact, the
w x ² : w xonly known test polynomials are the commutator x , x for K x , x 31 2 1 2
2 2 w x w xand x q ??? qx for the polynomial algebra R X given in 5 . On the1 n
w xother hand, the authors of the present paper 4 have shown that the
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w xexponential automorphisms of K X have no test polynomials. More
w xprecisely, if › is a locally nilpotent derivation of K X , char K s 0, and
Ž . w xp X g K X is fixed by the automorphism exp › , then there exist
w x Ž .monomorphisms of K X which are not automorphisms and also fix r X .
In this paper, we construct families of test polynomials for both polyno-
mial algebras and free associative algebras. We also introduce the notion
of a test vector space and determine all possible test vector spaces in the
free associative algebras.
The paper is organized as follows. In Section 2, we present necessary
preliminaries and fix the terminology and the notation. In Section 3, we
construct a family of test polynomials for the polynomial algebra
w xK x , . . . , x . In Section 4, several families of test polynomials for the free1 n
² :algebra K x , . . . , x are constructed. Then in Section 5, we determine1 n
all test vector spaces of the free algebra. In the concluding Section 6, we
propose some open problems related to test polynomials.
2. PRELIMINARIES
We fix a field K of any characteristic, an integer n G 2, and a set
 4 w x w xX s x , . . . , x . We denote by K X s K x , . . . , x the polynomial al-1 n 1 n
² : ² :gebra with n commuting variables and by K x s K x , . . . , x the free1 n
associative algebra freely generated by the set X. We assume that both
w xalgebras are unitary. Every map X “ K X can be extended to an
w xendomorphism of K X . If x “ f , i s 1, . . . , n, we denote the corre-i i
Ž .sponding map and the induced endomorphism by F s f , . . . , f . In1 n
Ž . Ž .particular, we use the notation p X for a polynomial p x , . . . , x and1 n
Ž . Ž . Ž . Ž .p F for p f , . . . , f . If F s f , . . . , f and G s g , . . . , g are two1 n 1 n 1 n
Ž . Ž Ž .endomorphisms, we use both notations F (G and G F s g F , . . . ,1
Ž ..g F for the composition of F and G. If F is an automorphism, we calln
the polynomials f coordinate polynomials. We use similar notation for thei
² :maps X “ K X , except we call f primiti¤e elements. Recall that ani
Ž .automorphism F is affine if F s a q g , . . . , a q g , where a g K1 1 n n i
Ž .and G s g , . . . , g is an invertible linear transformation. The triangular1 n
Ž .automorphisms are of the form F s f , . . . , f , where f s a x q h ,1 n i i i i
0 / a g K and the polynomials h do not depend on x , . . . , x .i i 1 i
 4 w x ŽLet Y s y , . . . , y be another set of free generators of K X or of1 n
² :. Ž . w x Ž . Ž .K X and let the polynomial p X g K X be written as q Y s p X .
w x Ž .If for any choice Y g Aut K X the polynomial q Y depends essentially
Ž .on each variable y , we call p X a polynomial of maximal rank.i
w x Ž ² :.Let N be a class of endomorphisms of K X or K X and let M be a
Ž . Ž .subclass of N. We call the polynomial p X s p x , . . . , x a test polyno-1 n
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Ž . Ž .mial identifying M in N if for any F g N the equality p F s p X implies
Ž .F g M. Moreover, for every F g M , we say that p identifies F in N .
Ž .Remark 2.1. Let F s a q g , . . . , a q g be an endomorphism of1 1 n n
w x Ž ² :.K X or of K X , where a g K and the polynomials g have noi i
Ž .constant terms, i s 1, . . . , n. Let H s x y a , . . . , x y a . Then the1 1 n n
Ž .composition of F and H is F ( H s G s g , . . . , g and F is an auto-1 n
morphism if and only if F ( H is an automorphism. From this point of view
it is sufficient to consider test polynomials in the class of all endomor-
Ž .phisms G s g , . . . , g without constant terms of the polynomials g . We1 n i
call such endomorphisms endomorphisms without constant terms.
w x Ž ² :.Remark 2.2. Let F and H be automorphisms of K X or of K X .
Ž . Ž .If p X is a test polynomial fixed by F, then p H is a test polynomial
y1 Ž .. Žfixed by G s H F H . In this equality we consider G and H as
Ž w x.n Ž ² :.nelements in K X or K X . If we consider the induced automor-
y1 .phisms, then we have to write G s H( F ( H . In order to see this, we
w x w x Ž . Ž .use that End K X ( H s End K X and obtain that q X s p H is also
a test polynomial such that
p H G s p H G s p F H s p H .Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž . y1Ž Ž ..Hence p H is a test polynomial identifying G s H F H . Obviously,
a similar statement holds for the test polynomials if we restrict our
considerations to automorphisms and endomorphisms without constant
terms.
LEMMA 2.3. If the homogeneous component of minimal degree of the
Ž . w x Ž ² :. Ž .polynomial p X from K X or from K X is of maximal rank, then p X
is a test polynomial identifying injecti¤e endomorphisms in the class of all
endomorphisms without constant terms.
Ž .Proof. Let p X be the homogeneous component of minimal degreek
Ž . Ž .of p X and let F s f , . . . , f be an endomorphism from the class1 n
Ž .under consideration. Let G s g , . . . , g be the linear component of F.1 n
Ž . Ž .If p F s p X , we obtain that the homogeneous component of minimal
Ž . Ž . Ž .degree of p F is p G s p X . If g , . . . , g are linearly dependent,k k 1 k
then they are linear combinations of y , . . . , y for a system of free1 ny1
generators y , . . . , y , obtained from x , . . . , x by a linear transformation.1 n 1 n
Ž .This contradicts the maximal rank of p X . Hence g , . . . , g are linearlyk 1 n
independent and this implies that the endomorphism F is injective.
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3. TEST POLYNOMIALS IN POLYNOMIAL ALGEBRAS
In this section we assume that the base field K is of characteristic zero
w x w xand consider the endomorphisms of K X s K x , . . . , x . We start with1 n
some negative results and examples. The following example shows that the
properties of the base field are essential for the test polynomials.
'EXAMPLE 3.1. If the field K of characteristic zero contains y 1 , then
the polynomial
p X s x 2 q ??? qx 2 , n G 2,Ž . 1 n
w xis not a test polynomial identifying automorphisms of K X in the class of
all endomorphisms. Really, we define
'1 y 1
2 2 2 2F s 1 q x q x , y1 q x q x , x , . . . , x .Ž . Ž .1 2 1 2 3 nž /2 2
Obviously F is not invertible because its image does not contain monomi-
als of odd degree with respect to x and x . Easy calculations show that1 2
Ž . Ž . Ž .p F s p X , i.e., p X is not a test polynomial identifying automor-
w xphisms of K X in the class of endomorphisms. As we have mentioned in
Ž . w xthe Introduction, p X is the only known test polynomial for R X .
w xEXAMPLE 3.2. Consider the Nagata automorphism 9
22 2 2N s x y 2 x x q x x y x x q x x , x q x x q x x , x .Ž . Ž . Ž .ž /1 2 2 1 3 3 2 1 3 2 3 2 1 3 3
Ž . 2 w xIt fixes q X s x q x x . For every polynomial u g K x , x , x the2 1 3 1 2 3
endomorphism
U s x y 2 x u y x u2 , x q x u , xŽ .1 2 3 2 3 3
Ž .also fixes q X . Clearly, u may be chosen in such a way that U is a
Ž w x .monomorphism and not an automorphism see 1, 4 for details . Changing
Ž . Ž . 2 2 2linearly the coordinates we obtain that q X s p Y s y q y q y over1 2 3
'w xK y 1 . Extending U acting identically on x , . . . , x , we obtain that over3 n
an algebraically closed field of characteristic zero the quadratic forms of
maximal rank are not test polynomials identifying automorphisms in the
w xclass of all endomorphisms of K x , . . . , x without constant terms for1 n
n G 3.
Remark 3.3. The above examples are in contrast with the free Lie
algebra case. As we mentioned in the Introduction, every homogeneous
element of maximal rank in the free Lie algebra is a test element.
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On the other hand the following assertions give some hope in this
direction
PROPOSITION 3.4. Let K be a field of characteristic zero. Then the
2 2 w xpolynomial x q x is a test polynomial identifying automorphisms of K x , x1 2 1 2
in the class of all endomorphisms without constant terms. It is fixed by the
orthogonal linear transformations only.
'Proof. Let L be an extension of the base field K which contains y 1 .
Ž . 2 2If p X s x q x is a test polynomial for automorphisms in the class of1 2
Ž .all endomorphisms without constant terms over L, then p X has the
same property over K. Hence without loss of generality we may assume
' Ž . Ž .that y 1 g K. Let F s f , f be such an endomorphism and let p F1 2
Ž .s p X . Then
' 'p F s f q f y 1 f y f y 1Ž . Ž . Ž .1 2 1 2
' 's p X s x q x y 1 x y x y 1Ž . Ž . Ž .1 2 1 2
and we obtain that
' 'f q f y 1 s a x " x y 1 ,Ž .1 2 1 2
y1' 'f y f y 1 s a x . x y 1 , 0 / a g K ,Ž .1 2 1 2
so F is a linear transformation of X. Since it fixes the quadratic form
Ž .p X , it is orthogonal.
Similarly, we can prove the following result which may be viewed as the
two dimensional analogue of the free Lie algebra case.
PROPOSITION 3.5. E¤ery homogeneous polynomial of rank 2 with degree
w x w xd ) 2 is a test polynomial of C x , x identifying automorphisms of C x , x1 2 1 2
in the class of all endomorphisms without constant terms.
w xFinally we give a new class of test polynomial for K X . Unfortunately it
identifies very few automorphisms.
Ž .THEOREM 3.6. i Let K be any field and let k , . . . , k be positi¤e1 n
integers. Then the polynomial
p X s X k s x k1 . . . x k nŽ . 1 n
is a test polynomial for automorphisms in the class of all endomorphisms of
w x w xK X s K x , . . . , x without constant terms. This test polynomial identifies1 n
exactly the following automorphisms,
F s a x , . . . , a x , 0 / a , . . . , a g K ,Ž .1 s Ž1. n s Žn. 1 n
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where a k1 . . . a k n s 1 and s is an element of the symmetric group S such1 n n
that k s k , . . . , k s k .s Ž1. 1 s Žn. n
Ž .ii The polynomial
s sk k k1 np X s X s x . . . xŽ . Ž . Ž .1 n
with k s n q i y 1, i s 1, . . . , n, and s G 1 is a test polynomial for auto-i
w xmorphisms in the class of all endomorphisms of K X . The only automor-
phisms fixing these test polynomials are
sk k1 nF s a x , . . . , a x , a . . . a s 1, a , . . . , a g K .Ž . Ž .1 1 n n 1 n 1 n
Ž . Ž .Proof. i Let F s f , . . . , f be an endomorphism without constant1 n
terms. Then
p F s p X , f k1 . . . f k n s x k1 . . . x k nŽ . Ž . 1 n 1 n
gives immediately that f s a x , s g S . The end of the statementi i s Ž i. n
Ž .follows by comparison of the degrees of the variables in p X .
Ž . Ž . Ž k1 k n. s Ž k1 k n. sii Let F s f , . . . , f and f . . . f s x . . . x . Then all1 n 1 n 1 n
polynomials f are monomials. Ifi
n n n n
a k ai j i i jf s b x , 0 / b g K , then x s x ,Ł Ł Ł Łi i j i i j
js1 is1 is1 js1
and we obtain that for the degree of x , thati
a n q a n q 1 ??? qa 2n y 1 s n q i y 1.Ž . Ž .i1 i2 in
Since all a are non-negative integers and the sum of any two n q q y 1i j
and n q r y 1 is bigger than 2n y 1, we obtain the only possibility a s 1,i i
a s 0, i / j, and this completes the proof.i j
Ž .Remark 3.7. The statement i of the previous theorem is not true in
Ž .the class of all endomorphisms. For example, the polynomial p X s
Ž .x . . . x fixes the endomorphism F s x . . . x , 1, . . . , 1 which is not an1 n 1 n
automorphism for n ) 1.
Ž .Remark 3.8. Using the idea of the proof of Theorem 3.6 ii we can also
construct test polynomials fixed by nonlinear triangular automorphisms.
For example, let n s 2,
3y12 2 8 2 8p X s x x q a 1 y a x , a g K , a / 0, a / 1.Ž . Ž .ž /2 1 2
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Ž .Easy calculations show that p X is fixed by the automorphism
F s ay2 x q x 2 , a3 x .Ž .1 2 2
Ž .On the other hand, arguments in the spirit of the proof of Theorem 3.6 ii
Ž .shows that p X is a test polynomial for automorphisms in the class of all
w xendomorphisms. The automorphism F is conjugate in Aut K x , x to1 2
Ž .one of the linear automorphisms from Theorem 3.6 ii : If we introduce a
new system of generators
y12 8 2Y s y , y s x q a 1 y a x , xŽ . Ž .ž /1 2 1 2 2
Ž . Ž y2 3 . w xwe see that F Y s a y , a y . On the other hand, by 4 , any triangu-1 2
Ž . w xlar automorphism F s x q h , . . . , x q h , h g K x , . . . , x , can-1 1 n n i iq1 n
not be recognized by a test polynomial.
4. TEST POLYNOMIALS FOR FREE ASSOCIATIVE ALGEBRAS
We start with some background on the structure and combinatorial
² : ² :properties of the free associative algebra K X s K x , . . . , x over an1 n
arbitrary field K. As usual, we denote by deg u the total degree of
² :u g K X .
Ž w x. Ž . ² :PROPOSITION 4.1 see 1, Chaps. I, II . i The algebra K X is a FIR
Ž . Ž . Ž . ² :a free ideal ring , i.e., any left right ideal I is a free left right K X -mod-
Žule. If I is generated by a system of homogeneous elements with respect to the
.total degree , then I has a system of homogeneous free generators as a
² :K X -module.
Ž . ² :ii If 0 / y , z g K X , i s 1, . . . , k, deg y F deg y , i si i iy1 i
2, . . . , k, and Ýk y z s 0, then one of the elements y belongs to the rightis1 i i i
ideal generated by y , . . . , y .1 iy1
Ž . ² :COROLLARY 4.2. i If u , ¤ , i s 1, 2, are nonzero elements of K Xi i
and deg u G deg ¤ , then the equality u u s ¤ ¤ implies that u s ¤ w,1 1 1 2 1 2 1 1
² :¤ s wu for some w g K X .2 2
Ž . ² :ii If char K s 0 and u¤ q ¤u s 0 in K X , then u s 0 or ¤ s 0.
Ž . Ž .Proof. The statement of i follows directly from Proposition 4.1 ii .
Ž .ii We use an induction on deg u q deg ¤ , the base of the induction
deg ¤ s 0 being trivial. Let u, ¤ / 0 and deg u G deg ¤ G 1. Since u¤ s
Ž . Ž . ² : Ž . Ž .¤ yu , by i we have u s ¤w for some w g K X and ¤w ¤ q ¤ ¤w s 0.
TEST POLYNOMIALS 499
² :Since K X has no zero divisors, we obtain that w¤ q ¤w s 0. Now
deg w - deg u and this completes the proof.
THEOREM 4.3. Let K be a field of characteristic 0. Then the polynomial
Ž . 2 2p X s x q x is a test polynomial for automorphisms of the free algebra1 2
² :K x , x in the class of all endomorphisms without constant terms.1 2
'Proof. As in the proof of Proposition 3.4 we assume that y 1 g K.
Ž .Let F s f , f be an endomorphism without constant terms and such1 2
Ž . Ž .that p F s p X . Let
f s g q g q ??? qg , f s h q h q ??? qh ,1 1 2 k 2 1 2 k
where g and h are the homogeneous components of degree i of f andi i 1
f , respectively. If h / 0 and k ) 1, comparing the homogeneous compo-2 k
Ž . Ž . 2 2nents of degree 2k of p F and p X we obtain that g q h s 0, i.e.,k k
'g s h y 1 . Now we apply inductive arguments. We assume that fork k 'some i G 1 we have established that g s h y 1 , j s i q 1, . . . , k. Thej j
comparison of the homogeneous components of degree k q i gives
k
g g q h h s 0,Ž .Ý s iqkys s iqkys
ssi
' 'h q g y 1 h q h h q g y 1 s 0.Ž . Ž .i i k k i i
'Ž ..By Corollary 4.2 i , g s h y 1 . In this way we establish that g si i 1' Ž . Ž .h y 1 . The homogeneous components of degree 2 of p F and p X1
2 2 2 2 'satisfy the equality g q h q x q x which contradicts g s h y 1 .1 1 1 2 1 1
Therefore the map F is linear. Since it leaves invariant the quadratic form
x 2 q x 2, it is invertible and this means that F is an automorphism.1 2
Now we construct a family of multilinear test polynomials identifying
automorphisms in the class of the endomorphisms without constant terms.
THEOREM 4.4. Let
² : ² :p X s a x . . . x g K X s K x , . . . , x ,Ž . Ý s s Ž1. s Žn. 1 n
sgSn
 <where a g K and S is the symmetric group of degree n. Let I s s g S as n n s
4 Ž ./ 0 . If Ý a / 0 for e¤ery non-empty subset J of I, then p X is a tests g J s
polynomial identifying automorphisms in the class of all endomorphisms
without constant terms. This test polynomial identifies linear automorphisms
only.
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Ž .Proof. Let F s f , . . . , f be an endomorphism without constant terms1 n
Ž . Ž .such that p F s p X . First we assume that F is not linear. Let g be thei
homogeneous component of maximal degree of f . Since the polynomiali
Ž .p X is multilinear, the homogeneous component of maximal possible
Ž . Ž . Ž . Ž .degree of p F s p f , . . . , f is equal to p G s p g , . . . , g . Since F is1 n 1 n
not linear, deg g ) 1 for some i and we obtain thati
p G s p g , . . . , g s a g . . . g s 0.Ž . Ž . Ý1 n s s Ž1. s Žn.
sgSn
Let h be the leading term of g with respect to the lexicographical order.i i
Ž .Then the leading term of every product g . . . x in p G iss Ž1. s Žn.
h . . . h . There exists a non-empty subset J of I such that the leadings Ž1. s Žn.
Ž .term of p G is a sum of a h . . . h , s g J. By the assumption of thes s Ž1. s Žn.
Ž .theorem Ý a / 0 and we obtain that the leading term of p G iss g J s
different from 0, which is a contradiction. In this way we establish that all
Ž .polynomials f are linear. Now the map F induces a map F s f , . . . , fi 1 n
w xof the polynomial algebra K X and
p X s p F s a f . . . f .Ž . Ž . Ý s 1 n
sgI
By virtue of Theorem 3.6 we obtain that the polynomials f in commuta-i
tive variables are linearly independent. Since the f are linear, this impliesi
that the f are also linearly independent, i.e., F is a linear automorphismi
² :of K X . This completes the proof of the theorem.
Remark 4.5. As in the commutative case, the statement of Theorem 4.4
does not hold if we consider the class of all endomorphisms of the free
algebra.
COROLLARY 4.6. Let
² : ² :p X s a x . . . x g K X s K x , . . . , x ,Ž . Ý s s Ž1. s Žn. 1 n
sgSn
where a g K and Ý a / 0 for e¤ery non-empty subset J of I s s gs s g J s
< 4S a / 0 . For any fixed s G 1 the polynomialn s
q X s p x sn , x sŽnq1. , . . . , x sŽ2 ny1.Ž . Ž .1 2 n
is a test polynomial identifying automorphisms in the class of all endomor-
phisms.
² : Ž . Ž .Proof. Let F be an endomorphism of K X such that q F s q X
Ž . sŽnqiy1.and let G s g , . . . , g , where g s f . Let h be the homogeneous1 n i i i
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component of maximal degree of g . If deg f G 1 for every i s 1, . . . , n,i i
and deg f ) 1 for some i , then, as in the proof of Theorem 4.4, wei 00
Ž .obtain that p h , . . . , h s 0 and this is impossible. Hence we have two1 n
possibilities: either f s a g K for some i or deg f s 1 for every i.i i 0 i0 0 w xNow we consider the endomorphism F of K X induced by F. Clearly,
q X s q F s p G s a g . . . gŽ . Ž . Ž . Ý s 1 nž /
sgSn
sn sŽnq1. sŽ2 ny1.s a f f . . . fÝ s 1 2 nž /
sgSn
sn sŽnq1. sŽ2 ny1.s a x x . . . x .Ý s 1 2 nž /
sgSn
Applying Theorem 3.6, we obtain that the case f s a g K is impossiblei i0 0
w xand F is a linear automorphism of K X . Hence deg f s 1 for all i and Fi
² :is a linear automorphism of K X .
Up to a conjugation, most of the examples of test polynomials in the
commutative case are fixed by linear automorphisms only. Now we con-
² :struct a family of test polynomials of K X which identify larger classes of
w xautomorphisms. The construction is based on a the result of Dicks 3 that
w xthe commutator x , x is a test polynomial which, up to a multiplicative1 2
² :constant, identifies the automorphisms of K x , x in the class of all1 2
endomorphisms.
² :LEMMA 4.7. Let n ) 2 and let e¤ery monomial of h , h g K X de-1 2
pend essentially on some of the ¤ariables x , . . . , x . Then the equality3 n
w x w xx q h , x q h s x , x1 1 2 2 1 2
implies that h s h s 0.1 2
Proof. Without loss of generality we may assume that h / 0. Let1
² :W ; K X be the vector space spanned by the set of all monomials which
depend on some x , . . . , x . Every monomial from W can be written in the3 n
form
w s w x , x x . . . x w x , x , k G 1,Ž . Ž .1 2 i i 2 1 21 k
where w and w depend on x and x only and both the indices i and i1 2 1 2 1 k
² :are different from 1 and 2. Obviously W is a free K x , x -bimodule with1 2
the basis consisting of all monomials
x . . . x , k G 1, i , i / 1, 2.i i 1 k1 k
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Let p be the minimal degree of the nonzero homogeneous components of
h and h and let u and u be the homogeneous components of degree p1 2 1 2
of h and h , respectively. Clearly,1 2
w x w xx , u q u , x s x u y x u y u x q u x s 0.1 2 1 2 1 2 2 1 2 1 1 2
We express u and u in the form1 2
u s s x , x x . . . x s x , x ,Ž . Ž .Ý1 1 i 1 2 i i 2 i 1 21 k
u s t x , x x . . . x t x , x ,Ž . Ž .Ý2 1 i 1 2 i i 2 i 1 21 k
where the summation runs over all i , . . . , i with i , i / 1, 2. Therefore1 k 1 k
w x w xx , u q u , x s x s x . . . x s y x t x tŽÝ1 2 1 2 1 1 i i i 2 i 2 1 i i 2 i1 k k
ys x . . . x s x q t x . . . x t x s 0..1 i i i 2 i 1 1 i i i 2 i 21 k 1 k
² : Ž .Since W is a free K x , x -bimodule, for any fixed i , . . . , i we obtain1 2 1 k
² : ² :the following equality in K x , x m K x , x1 2 K 1 2
x s m s y x t m t y s m s x q t m t x s 0.1 1 i 2 i 2 1 i 2 i 1 i 2 i 1 1 i 2 i 2
Comparing the homogeneous components of minimal degree of s and t2 i 2 i
we obtain that they are 0 which is a contradiction. This completes the
proof of the lemma.
THEOREM 4.8. Let i , . . . , i , j , . . . , j be a set of indices such that1 r 1 r
i / j , k s 1, . . . , r, andk k
<  4i , j k s 1, . . . , r s 1, . . . , n . 4k k
Then the polynomial
w x w xp X s x , x . . . x , xŽ . i j i j1 1 r r
is a test polynomial identifying automorphisms in the class of all endomor-
² :phisms of K X .
Ž .Proof. We may assume that i - j , k s 1, . . . , r. Let F s f , . . . , fk k 1 n
² : Ž . Ž .be an endomorphism of K X such that p F s p X . Since the commu-
w x Ž .tators f , f have no constant and linear terms and deg p X s 2 r, wei jk k
obtain that
w xf , f s a x , x , 0 / a g K .i j k i j kk k k k
w x w xLet, for example f , f s a x , x . We write f and f in the form1 2 1 2 1 2
f s g x , x q h , f s g x , x q h ,Ž . Ž .1 1 1 2 1 2 2 1 2 2
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where each monomial of h , h depends on some of the variables x , . . . , x .1 2 3 n
w Ž .x w Ž . x w xSince each monomial of h , g x , x , g x , x , h , and h , h in-1 2 1 2 1 1 2 2 1 2
w x w xcludes some of the variables x , . . . , x , the equality f , f s a x , x3 n 1 2 1 2
implies that
w xg x , x , g x , x s a x , x .Ž . Ž .1 1 2 2 1 2 1 2
w x Ž . ² :By the result of Dicks 3 , g , g is an automorphisms of K x , x . We1 2 1 2
Ž . ² :extend it to an automorphism G s g , g , x , . . . , x of K X . Let1 2 3 n
y1 Ž . w xG s u , u , x , . . . , x be the inverse of G. Clearly, u , u s1 2 3 n 1 2
y1w x y1a x , x and the composition of automorphisms V s F (G has the1 2
w x w xproperty ¤ , ¤ s x , x . On the other hand it is easy to see that1 2 1 2
¤ s x q w , ¤ s x q w ,1 1 1 2 2 2
where each monomial of w , w depends on some x , . . . , x . By Lemma1 2 3 n
Ž . Ž .4.7 this implies that w s w s 0, i.e., f s f x , x , f s f x , x , and1 2 1 1 1 2 2 2 1 2
Ž . ² :f , f is an automorphism of K x , x . In this way we obtain that for1 2 1 2
Ž . Ž ² :.2each pair of indices i , j the pair F s f , f belongs to K x , xk k k i j i jk k k k
² :and induces an automorphism of K x , x .i jk k
If every index i appears exactly once in the different pairs of indices
Ž . Ž .i , j , . . . , i , j , we obtain that F is decomposed as a product of auto-1 1 r r
morphisms G such that each G fixes all x different from x and xk k s i jk k
² :and f , f g K x , x . Therefore F is an automorphism. If, for example,i j i jk k k k
Ž .the index 1 appears twice in different pairs i , j , say as i and i andk k 1 2
Ž . ² : ² : Ž . Ž .j / j , then f g K x , x l K x , x and f s f x . Since f , f1 2 1 1 j 1 j 1 1 1 1 j1 2 1
² :is an automorphism of K x , x , we obtain that f s j q h x , j , h g K,1 j 1 11
Ž . Ž .h / 0, and f is a linear polynomial in x for j s j , j . Now p X isj j 1 2
presented as a product of three kinds of commutators:
Ž . w xi x , x , where both the variables x and x appear in otheri j i j
commutators as well.
Ž . w xii x , x , where x appears in other commutators and x does noti k i k
appear.
Ž . w xiii x , x , where neither x nor x appears in other commutators.l m l m
As a result of our considerations we obtain that
f s j q h x , f s j q h x , j , j g K , 0 / h , h g K ;i i i i j j j j i j i j
² :f s h x q g x , 0 / h g K , g g K x ,Ž .k k k k i k k i
² :f , f s f x , x , f x , x g Aut K x , x .Ž . Ž . Ž .Ž .l m l l m m l m l m
Again, F is a composition of automorphisms which fix all but one or two of
the variables and this implies that F itself is an automorphism.
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w xThe following consequence is an analogue of a result of Shpilrain 10 in
the case of free groups.
COROLLARY 4.9. The polynomial
w x w xp X s x , x . . . x , xŽ . 1 2 2 ny1 2 n
is a test polynomial identifying automorphisms in the class of all endomor-
² :phism of K x , . . . , x .1 2 n
5. TEST VECTOR SPACES
² :We call a finite dimensional vector subspace W of K X a test ¤ector
space if W satisfies the following condition. An endomorphism F s
Ž . ² : Ž .f , . . . , f of K X is an automorphism if and only if w F g W for1 n
Ž . Ž .every w X g W and w F f K for some w g W. In this way W is a test
vector space if and only if it identifies the automorphisms in the class of all
endomorphisms. The only known example of a test vector space is W s
w x4 w xspan x , x for n s 2 and is due to Dicks 3 . Our main purpose in this1 2
section is to show that the result of Dicks cannot be generalized essen-
tially.
² :LEMMA 5.1. The free algebra K x , x has a basis consisting of the1 2
polynomials
a1 b1 w x a2 b2 w x aq bq w x aqq 1 bqq 1u x , x s x x x , x x x x , x . . . x x x , x x x ,Ž .ab 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
where q G 0 and a , b G 0, i s 1, . . . , q q 1.i i
w xProof. Using the identity x x s x x y x , x , we can express every2 1 1 2 1 2
² :monomial from K x , x as a linear combination of the polynomials1 2
Ž .u x , x and it is sufficient to see that these polynomials are linearlyab 1 2
independent. Let
f x , x s a u x , x s 0, a g K ,Ž . Ž .Ý1 2 ab ab 1 2 ab
and let r s q be the smallest q such that some of the coefficients a are0 ab
Ž . Ž .not equal to 0. We replace x and x respectively by the r q 1 = r q 11 2
upper triangular matrices
y s e q e q ??? qe q j e q j e q ??? qj e ,1 12 23 r , rq1 1 11 2 22 rq1 rq1, rq1
y s h e q h e q ??? qh e ,2 1 11 2 22 rq1 rq1, rq1
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where the e s are the matrix units and j , h , i s 1, . . . , r q 1, belong to ani j i i
Ž .infinite extension L of the base field K. Then u y , y s 0 if theab 1 2
number of the commutators is bigger than r and
rq1
a bi iu y , y s j h h y h h y h . . . h y h e ,Ž . Ž . Ž . Ž .Ž .Łab 1 2 i i 2 2 3 2 rq1 r 1, rq1ž /is1
if the number of the commutators is r. Hence
r rq1
a bi if y , y s h y h a j h eŽ . Ž . Ž .Ł Ý Ł1 2 iq1 i ab i i r , rq1ž / ž /is1 is1
and, since this equality holds for any elements j , h of the infinite field L,i i
Ž .we obtain that a s 0. Hence the polynomials u x , x are linearlyab ab 1 2
independent.
THEOREM 5.2. Let K be an infinite field and let W be a finite dimensional
² :subspace of K x , x , W / 0, W / K. Then W is a test ¤ector space if and1 2
w xkonly if W is spanned by a finite set of powers x , x of the commutator1 2
w xx , x .1 2
Ž .Proof. i Let W be spanned by a finite set of powers of the commu-
w x Ž . ² :tator x , x . Then every automorphism F s f , f of K x , x has the1 2 1 2 1 2
w x w xproperty that f , f s a x , x , for some nonzero a from K. Therefore1 2 1 2
Ž . Ž . Ž .w F g W for any w X g W. If F s f , f is not an automorphism,1 2
w x w xthen either f , f s 0 or deg f , f ) 2 and for any1 2 1 2
kw x w xw x , x s a x , x q ??? qa x , x q a g W ,Ž .1 2 k 1 2 1 1 2 0
a g K , a / 0,i k
we shall have
w xw f , f / 0, deg w f , f s k deg f , f ) 2k .Ž . Ž .1 2 1 2 1 2
Ž . Ž .If we choose w x , x of maximal degree in W we obtain that w f , f f1 2 1 2
W. This shows that W identifies the automorphisms and is a test vector
space.
Ž . ² : Ž .ii Let W be a test vector space in K x , x . Let 0 / w x , x g1 2 1 2
W. Using Lemma 5.1, we write w as
w x , x s a u x , x , a g K .Ž . Ž .Ý1 2 ab ab 1 2 ab
Let us assume that there exists a positive b in some of the polynomialsi
Ž .u participating in w x , x with a nonzero coefficient a . Let theab 1 2 ab
integer k be bigger than the degrees of the nonzero polynomials from W.
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Ž k .We consider the triangular automorphism F s x , x q x . Assuming1 2 1
w xthat x ) x ) x , x , we order lexicographically the polynomials u .1 2 1 2 ab
Ž k .The leading term of each u x , x q x isab 1 2 1
a1qk b1 w x a2qk b2 w x w x aqq 1qk bqq 1x x , x x x , x . . . x , x x .1 1 2 1 1 2 1 2 1
Ž k .Since k is big enough, the leading terms of the different u x , x q xab 1 2 1
are different and hence, they are linearly independent. As a consequence,
Ž k .deg w x , x q x is bigger than the maximal degree of the nonzeroab 1 2 1
polynomials from W, which is a contradiction with the property of W.
Ž .Hence all b are equal to 0, the same holds for a , and w x , x is a lineari i 1 2
w xcombination of powers of x , x . Now the proof is completed by standard1 2
Ž .Vandermonde arguments. Considering the automorphisms j x , x , 0 /i 1 2
j g K, i s 1, . . . , m, where the positive integer m is sufficiently large, wei
Ž .obtain that w j x , x g W and this implies that the homogeneous com-i 1 2
Ž . w xponents of w x , x , i.e., some powers of the commutator x , x , also1 2 1 2
belong to W.
Remark 5.3. If the base field K is finite, the statement of Theorem 5.2
< <is not true. For example, if K s q, then the polynomial
qy1w x w xw x , x s x , x 1 q x , xŽ . Ž .1 2 1 2 1 2
< <spans a test vector space. It is easy to see that for K s q the correct
² :version of Theorem 5.2 is the following. The subspace W of K x , x ,1 2
W / 0, W / K, is a test vector space if and only if W is spanned by a finite
w xk Žw xqy1.set of polynomials x , x w x , x , k s 0, 1, . . . , q y 2, where the1 2 k 1 2
w xqy1w 's are linear combinations of powers of x , x .k 1 2
THEOREM 5.4. For n ) 2 there exist no test ¤ector spaces in
² :K x , . . . , x .1 n
Ž .Proof. Let n ) 2. It is well known and can be easily seen that the
elements
y s x x s x , s s 0, 1, 2, . . . ,s 2 1 2
² :are free generators of a free subalgebra of K X . Since W identifies the
² : Ž .automorphisms of K X , there exists a polynomial w x , . . . , x g W1 n
which depends essentially on x . Let k be the maximal degree of the3
elements from W. We consider the triangular automorphism G s
Ž .g , . . . , g , where1 n
g s x , g s x , g s x q y , . . . , g s x q y .1 1 2 2 2 3 kq3 n n kqn
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² : ² :Assuming that K X ; K x , . . . , x , z , . . . , z , we express the polyno-1 n 3 n
mial
w x , x , x q z , . . . , x q zŽ .1 2 3 3 n n
as a sum of monomials
w x , x , x q z , . . . , x q z s a a z a z a . . . a z a , a g K ,Ž . Ý1 2 3 3 n n ai 0 i 1 i 2 sy1 i s ai1 2 s
where the a 's are monomials in x , . . . , x . Clearly,j 1 n
w g , . . . , g s a a y a y a . . . a y a ,Ž . Ý1 n ai 0 kqi 1 kqi 2 sy1 kqi s1 2 s
Ž .with the same a as for w x , x , x q z , . . . , x q z . Let two monomi-ai 1 2 3 3 n n
als
a x , x s a y a y a . . . a y a ,Ž .1 2 0 kqi 1 kqi 2 sy1 kqi s1 2 s
b x , x s b y b y b . . . b y bŽ .1 2 0 kqj 1 kqj 2 ty1 kqj t1 2 t
coincide. Since deg y ) k q 2, comparing the first appearance of x x kq1kqi 2 1
Ž . Ž .in a x , x and b x , x we conclude that it happens for y and y .1 2 1 2 kqi kqj1 1
Hence a s b . Canceling the common factor a we may assume that in0 0 0
Ž . Ž .the equality a x , x s b x , x the monomials a and b start respectively1 2 1 2
with y and y , respectively. Now a and b start with x x kq i1 x andkq i kqj 2 1 21 1
x x kq j1 x which means that i s j . Again we cancel this common factor2 1 2 1 1
Ž .and obtain a similar but shorter expression. Continuing in this way we
Ž . Ž .see that the initial monomials a x , x and b x , x coincide. Hence,1 2 1 2
there is no annihilation of similar summands after the substitution of the
Ž .z 's with y 's. Since w X depends on x , we obtain thati kqi 3
deg w G s deg w x , x , x q y , . . . , x q y G k q 3.Ž . Ž .1 2 3 kq3 n kqn
The degree of the polynomials from W is bounded by k and we obtain that
Ž .w G does not belong to W. This is a contradiction because G is an
Ž .automorphism and w G g W.
Remark 5.5. Easy arguments show that there are no test vector spaces
w xin K X . If W is a test vector space and
s
i w xw X s a x , . . . , x x , a g K x , . . . , x , s ) 0, a / 0,Ž . Ž .Ý i 2 n 1 i 2 n s
is0
Ž . Žis a polynomial of maximal degree in W, then w G f W for G s x q1
k .x , x , . . . , x , k ) deg w.2 2 n
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6. OPEN PROBLEMS
Problem 6.1. Is the polynomial
p X s x 2 q ??? qx 2 , X s x , . . . , x , n ) 2,Ž . Ž .1 n 1 n
a test polynomial for automorphisms in the class of the endomorphisms of
² :K X without constant terms over any field of characteristic 0? By
w xExample 3.2 this is not true for K X when K is algebraically closed.
w xProblem 6.2. Let F be an automorphism of K X , char K s 0, and let
Ž .p X be a test polynomial identifying F. Is F conjugate to a semisimple
Ž .i.e., diagonalizable linear automorphism?
Ž .Problem 6.3. Let F s x q h , . . . , x q h be a triangular automor-1 1 n n
² :phism of K X , where the polynomials h do not depend on x , . . . , xi 1 i
and let F be non-affine, i.e., some of the polynomials h are of degreei
ŽG 2. Is there a test polynomial in the class of all endomorphisms with or
. w xwithout constant terms fixed by F? By 4 , in the commutative case F has
no test polynomials.
Problem 6.4. Describe the linear automorphisms which fix test polyno-
mials in the class of all endomorphisms with or without constant terms. Is
it true that a diagonal automorphism
G s j x , . . . , j x , 0 / j g K , i s 1, . . . , n ,Ž .1 1 n n i
fixes a test polynomial if and only if there exist positive integers k , . . . , k1 n
such that
j k1 . . . j k n s 1?1 n
Conjecture 6.5. For n ) 2 the standard polynomial
s X s s x , . . . , x s sign s x . . . xŽ . Ž . Ž .Ýn n 1 n s Ž1. s Žn.
sgSn
is a test polynomial identifying automorphisms in the class of all endomor-
² :  4phisms of K X , X s x , . . . , x . It has the property that for an endo-1 n
² :morphism F of K X ,
s F s a s X , 0 / a g K ,Ž . Ž .n n
if and only if F is linear and invertible for n odd and F is affine and
invertible for n even and n ) 2.
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Conjecture 6.6. Any nontrivial multilinear polynomial of degree n is a
² :  4test polynomial identifying the automorphisms of K X , X s x , . . . , x ,1 n
in the class of all endomorphisms without constant terms.
Ž .Conjecture 6.7. Any nontrivial multihomogeneous polynomial p X
which depends essentially on all variables X is a test polynomial identify-
² :  4ing automorphisms of K X , X s x , . . . , x in the class of all endomor-1 n
phisms without constant terms. If deg p s n q i y 1, i s 1, . . . , n, thenx i
Ž .p X is a test polynomial identifying automorphisms in the class of all
endomorphisms.
² : ŽProblem 6.8. Is it true that for any automorphism F of K X or for
. Ž . Žany tame automorphism there exists a test polynomial p X in some
.class of endomorphisms such that
p F s a p X , 0 / a g K ?Ž . Ž .
For example, is the polynomial
w xp x , x , x s x , f x , x x , x , f 0, 0 / 0,Ž . Ž . Ž .1 2 3 1 1 2 3 2 3
Ž Ž . .a test polynomial identifying F s x q f x , x , x , x ?1 1 2 3 2 2
w x ŽProblem 6.9. Let F be an injective endomorphism of K X or of
² :. Žm.K X and let F s F ( F ( ??? ( F be the composition of m copies of F.
‘ w Žm.x Ž ‘ ² Žm.:.Is it true that the intersection F K F or F K F is ams 1 ms1
Ž .polynomial algebra a free algebra in the noncommutative case or at least
a finitely generated algebra? In the case of groups and Lie algebras one of
the main steps in the investigation of test elements is based on the
w xaffirmative answer to this problem. Recently Shpilrain and Yu 12 have
w x Ž .proved for K x , x that if the Jacobian matrix J F of F is invertible,1 2
‘ w Žm.xthen F K F is a polynomial algebra.ms 1
w x w xIn Yu 14 , an identity polynomial of K X is defined as a polynomial
Ž . w x Ž . Ž .P X g K X such that if P F s P X , where F is an automorphism of
w x w xK X , then F s X. A polynomial p g C X of degree d is called a general
w x i1 i npolynomial in C X if the coefficients a of all monomials x . . . xi . . . i 1 n1 n
with 0 F i q ??? qi F d in1 n
P s a x i1 . . . x inÝ i , . . . , i 1 n1 n
0Fi q ??? qi Fd1 n
w xare nonzero and algebraically independent over Q. In 14 , it is proved that
w xevery general polynomial P g C x , . . . , x of degree d G n ) 2 is an1 n
identity polynomial. In view of that, we formulate
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w xConjecture 6.10. Let P g C x , . . . , x be a general polynomial of1 n
Ždegree d G n ) 2. Then P is a test polynomial in the class of all
.endomorphisms with or without constant terms identifying only the trivial
Ž .automorphism induced by X s x , . . . , x .1 n
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